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Asymptotic realization of the super-BMS algebra at spatial infinity
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Explicit boundary conditions are given at spatial infinity for four-dimensional supergravity, which
provide a realization of the super-BMS algebra of Awada, Gibbons and Shaw. The results are then
generalized to the N- extended super-BMS algebras.
I. INTRODUCTION
The super-BMS algebra was introduced in [1] and
shown there to be the asymptotic symmetry algebra of
supergravity with zero cosmological constant. It is a
graded extension of the BMS algebra [2–8] with the strik-
ing feature that it contains only four real fermionic gen-
erators. Out of the infinite number of BMS supertransla-
tions, only the ordinary, angle-independent, translations
have a fermionic square root.
The analysis of [1] was carried out at null infinity. This
seemed natural at the time since it was thought then that
the BMS symmetry was inseparable from gravitational
radiation and could therefore only be exhibited at I+ or
I−. However, the BMS symmetry is a true symmetry
of the theory, with bona fide conserved Noether charges,
and these can be written down in any formulation. In
particular, the BMS symmetry can be identified at spa-
tial infinity [9–11], a fact that has a direct implication on
the description of the physical states, generally defined
on Cauchy hypersurfaces. Displaying the BMS algebra
at spatial infinity is also quite important as it disantagles
the BMS symmetry from the intricate dynamical ques-
tion of the existence of a null infinity with the neces-
sary smoothness properties [12, 13]. As a side histori-
cal remark, we note that the earlier foundational work
[14, 15, 17] made crucial progress in the understanding
of the asymptotic structure of gravity at spatial infin-
ity. With the boundary conditions considered in these
insightful papers, the symmetry group was found to be
either smaller than the BMS group and just the Poincare´
group, or bigger and infinite-dimensional (“Spi group” of
[15]) but with no corresponding standard moment map
(but see [16]). The reconciliation between null and spa-
tial infinity results was achieved in [9–11].
Contrary to what one might have wrongly anticipated,
the boundary conditions implementing the BMS symme-
try at spatial infinity turn out to be conceptually and
technically extremely simple. These are just the bound-
ary conditions given in the pioneering work [14], with
a twist in the parity conditions involving an improper
gauge transformation [18] written in Hamiltonian form.
This twist is what makes the BMS group act non triv-
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ially. [We adopt for definiteness the boundary conditions
of [10, 11]. Earlier investigations [9] analysed a different,
more drastic twist in the parity conditions, inspired by
[19], and yielding also the BMS symmetry at spatial in-
finity. Although equally compatible with supersymmetry
– as it can easily be verified –, these original boundary
conditions present, however, some limitations (singular
behaviour at null infinity, exclusion of the Taub-NUT so-
lution) and have been replaced for that reason in [10, 11]
by different ones which do not present these features.
These alternative boundary conditions are characterized
by an inequivalent and simpler twist in the parity condi-
tions. The article [11] reviews these more recent bound-
ary conditions on which the present work relies.]
The purpose of this note is to extend the analysis of
[10, 11] to cover supergravity. In Section II, we provide
boundary conditions on the gravitino at spatial infinity
which are consistent with the boundary conditions on
the graviton. We show then in Section III that these
boundary conditions are invariant under the super-BMS
algebra of [1] and write the corresponding surface gener-
ators. The Poisson bracket algebra of these generators is
explicitly displayed in Section IV. Section V is devoted to
extended supergravities. We finally comment in Section
VI on possible generalizations of the current work yield-
ing a richer graded extension of the BMS algebra, with
an infinite number of fermionic generators. Appendix
A explicits some technical steps in the derivation of the
Poisson bracket algebra of the supersymmetry genera-
tors.
As it is common practice in asymptotic investiga-
tions of the type carried here, we shall assume “uni-
form smoothness” [4] whenever needed, i.e., ∂ro(r
−k) =
o(r−k−1), ∂Ao(r
−k) = o(r−k). Similarly, the distinction
between O(r−(k+1)) and o(r−k) will usually not be im-
portant to the orders relevant to the analysis.
II. ACTION AND BOUNDARY CONDITIONS
A. Action
We start with the action of N = 1 supergravity in four
spacetime dimensions, written in canonical form [20–24]
2(see also [25])
SH [e
a
i , π
i
a, ψk;N,N
k, ψ0, λab] =∫
dt
∫
d3x
(
πia∂te
a
i +
i
2
√
gψTk γ
km∂tψm
)
−
∫
dt
∫
d3x
(
NH+N iHi + iψT0 S +
1
2
λabJ ab
)
+
∫
dtB∞ (II.1)
where B∞ is a surface term at spatial infinity (r → ∞),
which depends on the boundary conditions and which
will be discussed below. We impose the “time gauge”
condition in which the timelike vector of the local frame
(“vierbein”) is orthogonal to the hypersurfaces of con-
stant time (our conventions are collected in [26]). The
dynamical variables to be varied in the action princi-
ple are the spatial components eai of the triad (dreibein)
(a, b, · · · = 1, 2, 3 are internal SO(3) indices, i, j, · · · =
1, 2, 3 are spatial coordinate indices), their conjugate mo-
menta πia, the spatial components ψk of the gravitino
field and the Lagrange multipliers N (lapse), Nk (shift),
ψ0 (temporal component of the gravitino field) and λab
which implement the constraints
H ≈ 0, Hi ≈ 0, S ≈ 0, J ab ≈ 0. (II.2)
We use as usual the symbol ≈ to denote equality on the
constraint surface. The constraints are all first class and
are related to the gauge symmetries of the theory: dif-
feomorphisms, local supersymmetry, and internal SO(3)
rotations.
The constraints H ≈ 0 and Hi ≈ 0 are the Hamil-
tonian and momentum constraints, and generate diffeo-
morphisms. They read
H = 1√
g
(
πijπ
ij − 1
2
π2
)
−√gR + F1 (II.3)
and
Hi = −2πij |j + F2 (II.4)
where
πij =
1
2
ea(iπj)a (II.5)
Here, F1 and F2 are fermionic terms, which are at least
bilinear in the fermions (the bilinears are typically of the
form ψ∂ψ, or ωψψ where ω is the spin connection, or
πψψ). Their explicit expression can be found in [22–24]
and will not be needed here.
Similarly, the fermionic constraint S ≈ 0 generates lo-
cal supersymmetry and is
S = √gγmn∂mψn + F3 + F4, (II.6)
where F3 is linear in the fermions and in the spatial spin
connection (∼ ωabmψk) or the conjugate momentum πia
(∼ πiaψm) and where F4 is at least cubic in the fermions.
Again we refer to [22–24] for the explicit expressions.
The constraints J ab ≈ 0 generate local spatial rota-
tions of the orthornormal frames (only SO(3) transfor-
mations appear because we impose the time gauge con-
dition e0k = 0, see [26]). They are algebraic in the fields
(no derivative) and can be easily written down from the
transformation rules of the fields under local rotations
[22–24]. One has
δeai = ω
a
be
b
i , δψk =
1
4
ωabγ
abψk (II.7)
for infinitesimal rotations ωab = −ωba. [If one were to
convert the world index k into a local index c, ψc = e
k
cψk,
one would find δψc =
1
4ωabγ
abψc+ωc
aψa.] Because these
constraints do not involve derivatives of the fields, they
generate proper gauge transformations with vanishing
charge, even when the rotation parameter does not go
to zero at infinity.
B. Boundary conditions
1. Graviton
We consider asymptotically flat spacetimes, which we
describe in asymptotic Minkowskian coordinates. The
slices of constant time are asymptotic parallel hyper-
planes. The spatial metric reads
gij = δij + hij (II.8)
where hij decays as r
−1 in a manner that we shall specify
below. The extrinsic curvature (∼ πij) decays as r−2.
We asymptotically freeze the freedom of performing
arbitrary spatial rotations of the triads by imposing
eai = δ
a
i +
1
2
δajhij +O
(
1
r2
)
(II.9)
In that gauge, we find that
πia = 2δajπ
ij +O
(
1
r3
)
(II.10)
The lowest order terms need not be rotation-gauge-fixed.
Because the local Lorentz gauge freedom is fixed at in-
finity, Poincare´ transformations need to be supplemented
by local Lorentz transformations that bring one back to
the time gauge e0i = 0 and to (II.9). More specifically,
asymptotic boosts and rotations (characterized by vec-
tor fields ξρ such that ∂µξ
ρ 6= 0) acting through the
standard Lie derivative on the local frames {eµ∆}, induce
terms that violate the gauge conditions since Lξρe0i 6= 0
and Lξρeai 6= 0 (even to leading order). These must be
compensated by local Lorentz transformations of the lo-
cal frames that bring one back to the chosen gauge. Of
course, this is automatically taken into account if one
3uses the Dirac bracket associated with the (partial) gauge
fixing e0k = 0, e
a
k = δ
a
k+ subleading terms.
Since the local frames have been tied to the metric
asymptotically, it is only necessary to give the boundary
conditions on the metric variables hij and π
ij in order to
specify the boundary conditions on the spin-2 variables
(eai , π
i
a). But this is precisely what was achieved in [10,
11], from which we reproduce the boundary conditions.
We start with the spatial metric. One has
hij ≡ gij − δij = hij(n
k)
r
+O
(
1
r2
)
, (II.11)
where nk is the unit normal to the sphere (ni = x
i
r
), so
that hij is a function of the angles θ, ϕ. We decompose
the coefficient hij of the leading order into even and odd
parts,
hij(n
k) = (hij)
even(nk) + (hij)
odd(nk) (II.12)
with
(hij)
even(−nk) = (hij)even(nk), (II.13)
(hij)
odd(−nk) = −(hij)odd(nk). (II.14)
The even part is arbitrary. Contrary to the strict parity
conditions of [14], where (hij)
odd(nk) was set to zero,
we do allow a non-vanishing (hij)
odd(nk), however. But
we impose that (hij)
odd(nk) should be generated by an
improper gauge transformation parametrized by a vector
that depends on the angles only (in order to preserve the
1/r decay of hij),
(hij)
odd(nk) = rUij (II.15)
Uij = ∂iζj + ∂jζi = O(
1
r
), (II.16)
ζi = ζi(nk) = O(1), ζi(−nk) = ζi(nk),(II.17)
for some vector ζi(nk) that may be assumed to be even
since the odd parity component can be absorbed in a re-
definition of (hij)
even. Thus, the leading order (O(1/r))
of hij is even up to an improper gauge transformation
parametrized by ζi. A twist is allowed in the parity con-
ditions, given by an improper gauge transformation.
Similarly, we allow the leading order (O(1/r2)) of πij ,
πij =
πij(nk)
r2
+O
(
1
r3
)
(II.18)
to have both an odd component (πij)odd(nk) (which is
the only component allowed in [14]) and an even compo-
nent (πij)even(nk) in πij ,
πij(nk) = (πij)odd(nk) + (πij)even(nk) (II.19)
with
(πij)odd(−nk) = −(πij)odd(nk) (II.20)
(πij)even(−nk) = (πij)even(nk) (II.21)
The odd component is unrestricted, but the even com-
ponent must come from the transformation of πij un-
der diffeomorphisms that go to constants at infinity. At
leading order, πij sees only the normal diffeomorphisms,
which we denote by V , with V of order one. The trans-
formation of πij takes the form ∂i∂jV −δij△˚V at leading
order, where △˚ ≡ ∇˚i∇˚i is the flat metric Laplacian. The
condition on (πij)even(nk) is thus
(πij)even(nk) = r2V ij (II.22)
V ij = ∂i∂jV − δij△˚V = O
(
1
r2
)
(II.23)
V = V (nk) = O(1), V (−nk) = V (nk) (II.24)
for some V that may be assumed to be even since the
odd parity component can be absorbed in a redefinition
of (πij)odd.
Because the transformations linearize at infinity, the
finite forms of the improper gauge transformations Uij
and V ij coincide with their infinitesimal forms. We can
therefore assume that ζi and V are finite, and not just
infinitesimal, in the above formulas.
These parity conditions on the leading orders of the
metric and the extrinsic curvature imply that the lead-
ing terms in the expansion of the electric and magnetic
components of the Weyl tensor, which are invariant under
proper and improper gauge transformations, be strictly
even in cartesian coordinates. Together with appropriate
parity conditions on a BMS invariant metric function re-
lated to the mass and its BMS invariant conjugate related
to the linear momentum, spelled out in detail in [10, 11],
these strict parity conditions on the Weyl tensor imply
the above parity conditions with a twist on the spatial
metric and its conjugate momentum.
The parity conditions with an improper gauge twist are
the analogs of the generalized parity conditions imposed
on 1-forms and 2-forms [27–29].
As explained in [10, 11], it turns out that the metric
variables must be subject to one extra condition, which
is that the mixed radial-angular components hrA of the
metric perturbation, which is potentially of order O(1),
should actually decrease one power of r−1 faster, i.e.,
hrA = O
(
1
r
)
. (II.25)
This implies in particular
ζi = ∂iU˜ , U˜ = rU, (II.26)
U = U(nk) = O(1), (II.27)
U(−nk) = −U(nk) (II.28)
for some function U of the angles. The condition (II.25)
plays a crucial role for the emergence of the BMS group,
and we refer to [10, 11] for more information.
42. Gravitino
We now turn to the gravitino. At least three require-
ments must be fulfilled by the searched-for boundary con-
ditions. (i) They should make the action finite. (ii) They
should be invariant under global supersymmetry, charac-
terized by a supersymmetry parameter ε that goes to a
constant spinor at infinity. (iii) They should make the
surface integrals appearing in the supersymmetry gener-
ators finite.
Since the fermionic kinetic term is quadratic in ψk, one
way to make it finite is to take
ψk =
χk(n
k)
r2
+O
(
1
r3
)
(II.29)
where χ is a function of the angles to which we impose
tentatively no parity condition since the integrand of the
fermionic kinetic term is then of order ∼ 1/r4 and yields
a convergent integral without the need for cancellations
dictated by parity conditions.
We now check that actually, (II.29) successfully meets
all the requirements.
To leading order, the supersymmetry transformations
acting on the canonical variables are easily verified to be
(see e.g [30], noting that εhere = 4ǫthere),
δεhij =
1
2
iεγ(iψj) (II.30)
δεπ
ij = − i
8
εγ0∂
iψj − i
8
ǫirsεγjγ5∂rψs
+
i
8
δijεγ0∂
kψk + (i↔ j), (II.31)
δεψi = ∂iε− 1
4
∂rhisγ
rsε+
1
2
Kisγ
0γsε (II.32)
with ε = ε0+O(1/r) andKij = −πij+ 12πδij (asymptoti-
cally). Here, ε0 is a constant spinor. The right-hand side
of the first line is of order O(1/r2) and so preserves the
boundary conditions on hij since it does not affect the
leading, more tricky O(1/r)-part which is subject to non
trivial parity conditions. Furthermore, one has (in po-
lar coordinates) δεhrA = O(r
−1) so that (II.25) is clearly
preserved. Similarly, the leading order of πij is unaffected
and it is only the subleading O(1/r3)-term, subject to no
parity condition, that transforms under supersymmetry.
Thus, the boundary conditions on the bosonic fields are
preserved under global supersymmetry. The same also
holds for the gravitino field, since the right-hand side of
(II.32) is evidently of order O(1/r2).
Finally, the surface integral appearing in the super-
symmetry generator
Sε = i
∫
d3xεTS +BSusy (II.33)
is determined by the requirement that Sε with asymp-
totically constant ε should be well-defined, which yields
(in cartesian coordinates)[31, 32]
δBSusy = −i
∮
S∞
d2Smε
Tγmnδψn. (II.34)
Here, the surface element d2Sl is equal to r
2nld
2S where
d2S is the surface element on the unit sphere, and so
d2Slv
l = r2vr sin θdθdϕ in standard polar coordinates,
where vr is the radial component of the vector vl, vr ≡
n · v. It is clear from the asymptotic behaviour of the
various quantities entering (II.34) that δBSusy is finite.
Furthermore, it is clearly integrable because one can re-
place γmn by the field-independent flat space expression
and pull the δ out of the integral. One has, since only
the constant piece ε0 of the supersymmetry parameter
contributes to the surface integral,
BSusy = −iεT0
∮
S∞
d2Smγ
mnψn, (II.35)
an expression that can be transformed to
BSusy = −iεT0
∮
S∞
d2Smγ
mn
FS
χn
r2
to emphasize that the leading flat space piece γmnFS of γ
mn
and the leading piece χn of the gravitino field are the only
relevant ones in the surface integral.
The supersymmetry generator is consequently well de-
fined and we have thus verified that (II.29) fulfills all
three requirements listed above.
There is one more technical condition that must be im-
posed on the asymptotic behaviour [10, 11]. For generic
decays, the constraints H and Hi typically behave as r−3
in cartesian coordinates. We require them to go to zero
two powers of r−1 faster, i.e.,
H = O(r−5), Hi = O(r−5)
(in cartesian coordinates). (II.36)
With the fall-off of the gravitino field, the terms F1 and
F2 in H and Hi automatically decay as O(r−5), and so
this condition, which we impose, is a restriction on the
graviton field only. The algebra of the constraints, given
in [20], guarantees that this fall-off is preserved under the
transformations generated by the constraints.
Our complete set of boundary conditions is thus
(II.11)–(II.17), (II.18)–(II.24), (II.25), (II.29) and (II.36),
with the tetrad variables asymptotically related to the
metric variables as in (II.9) and (II.10).
III. ASYMPTOTIC SYMMETRIES
The boundary conditions are invariant under a larger
set of transformations than the super-Poincare´ algebra.
5A. Lorentz transformations
The homogeneous Lorentz transformations are de-
scribed by surface deformations ξ, ξi that behave asymp-
totically as
ξ = bix
i + C(b)(n) +O
(
r−1
)
(III.1)
ξi = bijx
j + C(b)i(n) +O
(
r−1
)
(III.2)
where bi and bij = −bji are arbitrary constants. The
constants bi parametrize the Lorentz boosts (the corre-
sponding term −bix0 in ξi can be absorbed in a spatial
translation at any given time and will be discussed with
the translations), whereas the antisymmetric constants
bij = −bji parametrize the spatial rotations. The homo-
geneous Lorentz transformations blow up linearly in r.
The subleading O(1) terms C(b)(n) and C
(b)
i (n) are “cor-
recting terms” that appear only when the transformation
involves a boost (bi 6= 0) [10, 11]. As explained there,
they are necessary for integrability of the boost charges
and for maintaining the condition hAr = 0. These terms
are linear in the boost parameters so that they vanish
when bi = 0. The inclusion of the fermions does not
modify the discussion of these terms and so we refer to
[10, 11] for more information.
The invariance of the boundary conditions on the
bosonic fields have been verified in [10, 11]. The extra
contributions proportional to the fermions, which appear
in the boost variations of the bosonic fields, do not inval-
idate this result since these are subleading and of order
O(r−3). The boundary conditions on the fermionic field
are also invariant, because one has δboostψ ∼ ξ∂ψ (to
leading order), and this is O(r−2) as requested.
B. Translations and BMS supertranslations
The boundary conditions are also invariant under
translations and BMS supertranslations,
ξ = T (n) +O
(
r−1
)
(III.3)
ξi =W i(n) +O
(
r−1
)
(III.4)
Wi(n) = ∂i(rW (n)) (III.5)
where T (n) andW (n) are arbitrary functions on the unit
sphere. The zero modes a0 and a
i
0 of T and W
i are stan-
dard translations. In a spherical harmonics expansion
of T (xA) and W (xB) (XA ≡ coordinates on the unit
sphere), this corresponds to the choices T (xB) ∼ a0Y 00
and W (xB) ∼ am0 Y 1m but higher spherical harmonics are
allowed. These higher harmonics yield “BMS supertrans-
lations” and lead to an infinite-dimensional extension of
the homogeneous Lorentz group. As in the pure bosonic
case, the odd part of T and the even part of W de-
fine proper gauge transformations that do not change
the physical state of the system (see below). Only the
even part of T and the odd part of W define improper
gauge transformations with non trivial action on the sys-
tem. These combine furthermore to yield a function on
the 2-sphere with both even and odd parts, which cor-
responds to the standard parametrization of the BMS
supertranslations [10, 11, 33].
The invariance of the boundary conditions for the
graviton field was checked in [10, 11] and is unaffected
by the fermion contributions, which are subleading. The
invariance of the boundary conditions for the gravitino
field is also immediate.
C. Supersymmetry
We now turn to the fermionic symmetries. It is clear
that the boundary conditions are invariant under super-
symmetry transformations that behave asymptotically as
ε = ε0 +O(1/r) (III.6)
where ε0 is a constant spinor. No angular dependence is
allowed in ε0, since this would lead to unwanted O(r
−1)
terms in δεψk through
∂kε0 =
∂ε0
∂θ
∂θ
∂xk
+
∂ε0
∂ϕ
∂ϕ
∂xk
,
∂θ
∂xk
,
∂ϕ
∂xk
∼ 1
r
,
which could not be compensated. Hence, the global part
of the supersymmetry transformations involve only four
independent real fermionic parameters and is not infinite-
dimensional.
D. Generators
The generators of the above transformations are com-
binations of the constraints plus a surface term,
Pξ,ξi,ε[gij , π
ij , ψk] =
∫
d3x
(
ξH+ ξiHi + iεTS
)
+Bξ,ξi,ε (III.7)
where the boundary term Bξ,ξi,ε is determined by the
method of [14], i.e., must be such that the exte-
rior derivative dV Pξ,ξi,ε of Pξ,ξi,ε in field space (with
(ξ, ξk, ε) given above) reduces to a bulk integral involv-
ing only undifferentiated field variations dV e
a
i , dV π
i
a,
dV ψk. Differently put, the variation dV Bξ,ξi,ε of the
surface term must cancel the boundary terms generated
from dV
∫
d3x
(
ξH + ξiHi + iεTS
)
through the integra-
tions by parts necessary to bring dV Pξ,ξi,ε to the appro-
priate bulk form. This is equivalent to requesting that the
transformations of the fields under super-BMS transfor-
mations be canonical transformations, i.e., leave the sym-
plectic form invariant, dV iξΩ = 0 (⇔ iξΩ = −dV Pξ,ξi,ε,
see [27]). Note in particular that the fermionic kinetic
term is invariant under boosts without need to add a
surface term, so that the symplectic form is pure bulk.
The computation of the surface term accompany-
ing the bosonic transformations (homogeneous Lorentz
6transformations, translations and BMS supertransla-
tions) has been carried out in [10, 11] for pure gravity.
Now, the terms in the derivatives of the fermionic field in
H and Hi, which could potentially contribute to the sur-
face integrals, have the form ψ∂ψ. The variation of these
terms leads to surface integrals of the form
∮
d2SξψdV ψ,
which goes to zero like r2rr−2r−2 ∼ r−1. Hence the
fermions do not contribute to the surface integrals of
the bosonic charges, which can be taken unchanged from
[10, 11]. Adding the surface integral for supersymmetry
transformations derived above, one therefore gets
Bξ,ξi,ε = biKi+
1
2
bmnM
mn+B{T,W}+ iεT0 BSusy (III.8)
with
biK
i =
∮
d2x
{
b
√
γ
(
2k(2) + k
2
+ k
A
Bk
B
A − 6λk
)
+b
2√
γ
γABπ
rAπrB
}
, b(n) = bi
xi
r
(III.9)
(boosts),
Mmn = 4
∮
x[n
(
Π(3)m]l+ δm]ph
(1)
pk Π
(2)kl
)
d2Sl (III.10)
(spatial rotations),
B{T,W} =
∮
G˚ijkl T even
(
(h
(1)
ij )
even
)
,k
d2Sl (III.11)
+
∮ (
2∂k(W
odd)(Π(2)kl)odd
)
d2Sl (III.12)
(translations and BMS supertranslations),
BSusy = −i
∮
d2Smγ
mnψn (III.13)
(supersymmetry transformations).
A few words of explanation are needed to understand
these formulas.
• Boosts: the boost surface integrals have been writ-
ten in polar coordinates as this turns out to be
more convenient. Each term in the integral (III.9)
depends only on the angles xA (A = 1, 2) and
does not involve the radial coordinate r. One has
d2x = dx1dx2 = dθdϕ (if one uses polar coordi-
nates) and γAB is the round metric on the unit
sphere, γABdx
AdxB = dθ2 + sin2 θdϕ2, with de-
terminant γ = sin2 θ. The function λ is defined
through the expansion of grr,
grr = 1 +
2λ
r
+O(r−2) (III.14)
Similarly, the functions k are introduced through
an expansion of the extrinsic curvature KAB of the
spheres of constant r (in the constant time hyper-
surfaces),
KAB = −
δAB
r
+
k
A
B
r2
+
k(2)
A
B
r3
+O
(
1
r4
)
(III.15)
and k = δBA k
A
B. We have also expanded the mo-
menta πij (which are densities) in polar coordi-
nates,
πrr = πrr +
1
r
π(2)rr +O(r−2), (III.16)
πrA =
1
r
πrA +
1
r2
π(2)rA +O(r−3), (III.17)
πAB =
1
r2
πAB +
1
r3
π(2)AB +O(r−4). (III.18)
Note the presence of nonlinear terms in the devia-
tion from the flat metric.
• Spatial rotations: The other charges have been
written in cartesian coordinates. The individual
terms in the integrand involve r and one can check
that the integrals are finite. The terms Π(k)ml is
the term of order r−k in the expansion of πml, e.g.,
Π(2)ml =
πml(n)
r2
and similarly, The terms h
(k)
ml is the term of order
r−k in the expansion of hml, e.g.,
h
(1)
ml =
hml(n)
r
.
The integrals yielding the angular momentumMmn
are finite since the powers of r cancel, explicitly one
gets r (for xn) ×r−3 (for Π(3)) ×r2 (for d2Sl) and
rr−1r−2r2 for the other term.
One can rewrite the angular momentum in spheri-
cal coordinates [10, 11],
1
2
bmnM
mn =∮
d2x
{
Y A
(
4kABπ
rB − 4λγABπrB
+2γABπ
(2)rB
)}
(III.19)
where Y A = 12b
mnY Amn are the rotation Killing vec-
tors, which are tangent on the sphere and have only
angular components.
• Translations and BMS supertranslations: In
(III.11), G˚ijkl is the De Witt supermetric for the
flat metric in cartesian coordinates δij ,
G˚ijkl =
1
2
(δikδjl + δilδjk)− δijδkl. (III.20)
7One important feature of the formula giving the
BMS supertranslation charges is that it involves
only T even and W˜ odd, as announced above. The
opposite parity components T odd and W˜ even drop
from the formulas and define proper gauge trans-
formations that can be factored out. Even after
this quotient is taken, there exists an infinite num-
ber of improper gauge symmetries with non trivial
action.
There is an infinite number of conserved charges.
These do not receive fermionic contributions as the
gravitino field decays too fast at infinity. In partic-
ular, the energy, corresponding to T = 1, W˜ = 0
is unchanged and coincides with the ADM energy
[31, 34].
In polar coordinates, these charges read [10, 11],
Bgrav{T,W} =
∮
d2x
{
2W odd
(
πrr − πAA
)
+4T even
√
γ λ
}
(III.21)
• Supersymmetry: Only the constant part ε0 ap-
pears in the surface integral at infinity. The sub-
leading terms (O(r−1)) are proper gauge transfor-
mations that do not change the physical state of
the system. There are only four non trivial global
supersymmetry transformations.
E. Lagrange multipliers
The Lagrange multipliers N , Nk and ψ0 must be cho-
sen so that the dynamical evolution preserves the bound-
ary conditions. This means that they can be taken to
parametrize a generic asymptotic symmetry. It is cus-
tomary to take:
N = 1 +O(r−1), Nk = O(r−1), ψ0 = O(r
−1).
(III.22)
This corresponds to slicings by hypersurfaces that be-
come asymptotically parallel hyperplanes, with no su-
persymmetry transformation performed as one marches
on. Imposing these boundary conditions on the lapse and
the shift implies that we have to add to the action the
ADM energy, i.e,
B∞ = B{1,0,0} =
∮
d2x
√
γ 4λ. (III.23)
The internal, local rotation Lagrange multipliers λab
are asymptotically fixed by the gauge condition fixing
the triads eai in terms of the metric and does not come
with a surface term anyway.
IV. ASYMPTOTIC SYMMETRY ALGEBRA
The algebra of the generators is easily evaluated to be:
{
Pξ1,ξi1,ε1 [gij , π
ij , ψk], Pξ2,ξi2,ε2 [gij , π
ij , ψk]
}
= P
ξ̂,ξ̂i,ε̂
[gij , π
ij , ψk], (IV.1)
where the triplet (ξ̂, ξ̂i, ε̂) generates an asymptotic sym-
metry with the following asymptotic parameters
Ŷ A = Y B1 ∂BY
A
2 + γ
ABb1∂Bb2 − (1↔ 2), (IV.2)
b̂ = Y B1 ∂Bb2 − (1↔ 2), (IV.3)
T̂ =
i
8
εT0,1ε0,2 + Y
A
1 ∂AT2 − 3b1W2
− ∂Ab1DAW2 − b1DADAW2 − (1↔ 2), (IV.4)
Ŵ =
i
8
εT0,1γ0γin
iε0,2 + Y
A
1 ∂AW2 − b1T2
− (1↔ 2), (IV.5)
ε̂0 =
1
4
b1mnγ
mnε0,2 +
1
2
b1i γ
0iε0,2 − (1↔ 2) (IV.6)
(the factor 18 in front of the terms bilinear in the fermionic
parameters is due to our normalization conventions).
To establish this bracket algebra, one computes the
commutator of the corresponding known transformations
and uses the general theorems that guarantee that the
canonical generators realize the algebra of the transfor-
mations up to a central charge. So, once one knows the
algebra of the transformations, one only needs to com-
pute the central charge, which is easily seen to vanish
here if one adjusts the value of the canonical generators
to zero on the Minkowski solution (with ψk = 0) – as
implicitly done above – since the variation of the charges
is then zero. See [35, 36] for more information. The
procedure is illustrated in Appendix A.
The Lorentz transformations mix T even with W odd,
and T odd with W even since the boost parameters b are
odd functions on the sphere. Setting the proper gauge
multiplet (T odd,W even) equal to zero is consistent with
Lorentz invariance.
The bracket of two supersymmetry transformations
generically yields non trivial T ’s and W ’s. We see, how-
ever, that only the zero mode of the resulting T and the
first harmonics (∼ ni) of the resulting W are non zero.
These correspond to ordinary time and space transla-
tions. The anticommutator of two supersymmetry trans-
formations does not yield a non trivial BMS supertrans-
lation, in agreement with [1].
In fact, the above superalgebra is exactly the super-
BMS algebra of [1]. This is because the bosonic part of
the algebra is the standard BMS4 algebra expressed in
an unfamiliar parametrization, as shown in [9, 10] (using
the results of [33]).
8V. EXTENDED SUPERGRAVITY
The above analysis can be straightforwardly general-
ized to extended supergravity models. We consider the
N = 2 case [37–41], which illustrates the main points.
In addition to the graviton and the two gravitini, the
N = 2 supergravity model contains a photon. We adopt
for the corresponding vector field Ai and its conjugate
momentum πi the parity conditions with an improper
gauge twist of [10, 27], i.e.,
Ai =
Ai(n
k)
r
+O
(
1
r2
)
, (V.1)
Ai(n
k) = A
even
i (n
k) +A
odd
i (n
k), (V.2)
A
odd
i (n
k) = r∂iΦ(n
k), (V.3)
πi =
πi(nk)
r2
+O
(
1
r3
)
(V.4)
πi(nk) = πi
odd
(nk). (V.5)
The even part of the leading order of the vector potential
is arbitrary but its odd part is given by an improper
gauge transformation, i.e., the gradient of a function Φ
depending on the angles only and which can assumed to
be even,
Φ(−nk) = Φ(nk). (V.6)
The odd part of the leading order of the conjugate mo-
mentum is arbitrary but its even part (which is invariant
under proper and improper gauge transformations) van-
ishes,
πi
even
(nk) = 0. (V.7)
These boundary conditions are equivalent to the require-
ment that the leading orders of the electric and magnetic
fields be strictly odd (in cartesian coordinates).
In addition to these variables, there is a boundary de-
gree of freedom at infinity, denoted by Ψ(nk), which en-
ters the kinetic term of the action through a surface term,
Sem ∼
∫
dt
[ ∫
d3xπi∂tAi −
∫
S∞
d2xAr∂tΨ
]
+ “more”
(V.8)
where the extra “more” terms can be found in [10, 27].
The electromagnetic action is invariant under the fol-
lowing gauge transformations
δφ,µAi = ∂iφ, δφ,µπ
i = 0, δφ,µΨ = µ, (V.9)
with
φ = φ(nk) +
1
r
φ(1) +O(r−2), µ = µ(nk) (V.10)
The canonical generator of these transformations is given
by
Gφ,µ = “Bulk” +
∮
d2x(φ πr −√γ µAr) (V.11)
where the “Bulk” term is a linear combination of the
Gauss constraint and of the constraint that expresses
that the bulk extension of Ψ is pure gauge. Only the
transformations for which φ is even or µ is odd are im-
proper gauge transformations since the radial component
πr is even, while Ar is odd. These even and odd functions
combine to yield the angle-dependent u(1) symmetry of
electromagnetism, in perfect agreement with the null in-
finity analysis. We refer to [10, 27] for the details.
We denote the two gravitini by ψBk and the two su-
persymmetry parameters by εB (A,B,C = 1, 2). The
metric and the Levi-Civita tensor in internal space are
respectively δAB and ǫAB. We assume
ψBk =
χBk (n
k)
r2
+O
(
1
r3
)
(V.12)
as before. To discuss the generalization of the N = 1 the-
ory to the N = 2 theory, we need to show that the bound-
ary conditions on the vector variables are preserved, and
that the new terms appearing in the supersymmetry vari-
ations of the gravitini are also asymptotically acceptable.
Now, one has (to leading order)
δεAi ∼ iδBCεBψCi , δεπi ∼ iδBCǫijkεBγ5∂jψCk (V.13)
and δεΨ = 0, so that again, given the fast 1/r
2 decay of
the gravitini, these transformations only affect the sub-
leading terms in Ai and π
i and manifestly preserve the
boundary conditions. Similarly, the transformation rule
of the gravitini involves new terms of the form
δextraε ψ
A
k ∼
1
4
(πm−βmγ5)(δkmγ0+ ǫkrmγ5γr)εA (V.14)
(plus subleading terms), which are of order O(r−2) and
preserve therefore (V.12). Here, βm is the magnetic field,
βm = 12ǫ
mijFij . Thus, all boundary conditions are pre-
served.
Consequently, the action is invariant under the follow-
ing improper gauge symmetries:
• BMS transformations (infinite-dimensional);
• Angle-dependent u(1) gauge symmetries (infinite-
dimensional);
• Extended supersymmetry, parametrized by two
constant real spinors εB0 (8-dimensional);
• su(2) transformations of the spinors (3-
dimensional) [38].
The extended N = 2 super-BMS algebra contains again
only a finite number of fermionic generators.
The Poisson bracket algebra of the infinite-dimensional
BMS and angle-dependent u(1) transformations has been
given in [10, 27]. Accordingly, we only write here the
bracket of the supersymmetry generators
SεB = i
∫
d3x(εB)TSB
−i(εB0 )T δBC
∮
d2Smγ
mnψCn (V.15)
9(where SB ≈ 0 are the fermionic constraints) among
themselves. These generators are Lorentz spinors trans-
forming in the 2 of su(2). Their brackets are{
SεA
1
, SεA
2
}
= P
ξ̂,ξ̂i
+G
φ̂,µ̂
+ CεA
1
,εA
1
, (V.16)
where the parameters (ξ̂, ξ̂i, φ̂, µ̂) of the asymptotic sym-
metry generated by P
ξ̂,ξ̂i
+G
φ̂,µ̂
have the following lead-
ing terms in their asymptotic behaviour
Ŷ A = 0, b̂ = 0, (V.17)
T̂ =
i
8
δAB(ε
A
0,1)
T εB0,2 − (1↔ 2), (V.18)
Ŵ =
i
8
δAB(ε
A
0,1)
T γ0γin
iεB0,2 − (1↔ 2), (V.19)
φ̂ =
i
8
(
εB0,1
)T
γ0ε
D
0,2ǫBD − (1↔ 2), (V.20)
µ̂ = 0 (V.21)
Again, only the zero modes of the infinite-dimensional
bosonic symmetry group appear: standard space and
time translations and global u(1) transformation.
The term
CεA
1
,εA
1
=
i
8
(
εB0,1
)T
γ0γ5ε
D
0,2ǫBD
∮
d2Siβ
i (V.22)
is a central charge, which can occur according to general
theorems on canonical realizations of asymptotic sym-
metries [35, 36], and which does indeed occur herein the
canonical formulation, when there are non zero fluxes
(see [42] for a canonical derivation).
In a duality-invariant formulation of the electromag-
netic sector [43, 44], there would be a second vector po-
tential Zi with its independent gauge invariance δφ˜Zi =
∂iφ˜, giving a second angle-dependent u(1) symmetry vis-
ible either at null [45] or spacelike infinity [46]. Duality
invariance appears then as a standard Noether symmetry
bringing also its canonical charge-generator in the sym-
metry algebra.
VI. CONCLUSIONS
We have given here precise boundary conditions on
the dynamical fields of N = 1 supergravity that provide
a realization of the super-BMS algebra of [1], which is
characterized by a finite number of fermionic generators.
We have then generalized the analysis to extended super-
gravity models (specifically, N = 2).
The boundary conditions on the spinors are the same
as the ones given in [31] and involve no parity condition.
We have completely checked that these are compatible
with the twisted parity conditions of gravity (coupled to
the Maxwell field) [10, 11, 27], going thereby beyond the
analysis of [14, 31] where the only bosonic generators
were found to be just the Poincare´ ones (without BMS
supertranslations). This is what allows to get the super-
BMS algebra (and not just the super-Poincare´ ones).
Recent investigations of soft theorems for supergravity
suggest that a bigger extension of the BMS algebra, with
an infinite number of fermionic generators, should play
a physically relevant role [47]. The existence of such an
intriguing extension was actually already considered in
[1] on algebraic grounds, as a consistent algebraic exten-
sion of the BMS algebra. This raises the question as to
whether consistent boundary conditions can be devised
that would realize that bigger algebra at spatial infin-
ity. One promising possibility would be to allow a O(1
r
)
term in the gravitino field ψk, of the form of a gradient.
This improper gauge term would decay slowlier than the
“core” term contributing to the charge, as in the case of
electromagnetism in higher dimensions [29]. It is hoped
to return to this question in the future.
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Appendix A: Some technical steps in the derivation
of (IV.1)
In this appendix, we illustrate the derivation of the
Poisson bracket algebra (IV.1) of Section IV by consider-
ing the relations involving the spinor parameters, which
are new with respect to the pure gravity case. Relation
(IV.6) simply expresses that the supercharge is a Lorentz
spinor under the compensating local Lorentz transfor-
mations that accompany asymptotic spacetime Lorentz
transformations, so we focus on (IV.4) and (IV.5), which
provide the relevant information enabling the identifica-
tion with the super-algebra of [1].
We wish to determine the leading order (O(1)) of the
anticommutator of two supersymmetry transformations.
We will do this by evaluating this anticommutator on
the bosonic variables hij , which provides the full infor-
mation. There is a subtlety, however, in the derivation:
it is that the leading order of hij is invariant under O(1)
diffeomorphisms, so that we must keep the first sublead-
ing term in order to read off the asymptotic value of the
anticommutator. More precisely, under O(1) transforma-
tions,
ξ = ξ(0) + ξ(1) +O
(
1
r2
)
(A.1)
ξi = ξi(0) + ξi(1) +O
(
1
r2
)
(A.2)
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one has
δh
(2)
ij = −2ξ(0)K(2)ij
+ξk(0)∂kh
(1)
ij + ∂iξ
k(0)h
(1)
kj + ∂jξ
k(0)h
(1)
ik
+∂iξ
(1)
j + ∂jξ
(1)
i (A.3)
In this appendix, indices in parentheses on a quantity
systematically denote the order in r−1. The correspond-
ing power of r−1 is included, so for instance, ξ(1) has the
form
ξ(1) =
ξ˜(n)
r
for some function of the angles ξ˜(n) and similarly
K
(2)
ij =
Kij(n)
r2
, h
(1)
ij =
hij(n)
r
etc.
The terms ξ(1) and ξi(1) define proper gauge transfor-
mations, which can be present in the transformation of
h
(2)
ij as (A.3) shows.
On account of the Jacobi identity, one has for a general
phase space function F ,{
F, {Sε1 , Sε2}
}
=
{
{F, Sε1}, Sε2
}
−
{
{F, Sε2}, Sε1
}
(A.4)
The strategy is to compute the left-hand side of this equa-
tion from the right-hand side, which is explicitly know for
F = hij . Indeed, {hij , Sε1} = (i/4)(ε1γiψj+ε1γjψi) and
therefore {{hij, Sε1}, Sε2} = (i/4)(ε1γiδε2ψj+ε1γjδε2ψi)
where we need to keep terms only up to order O(r−2).
Using (II.32), one finds explicitly three types of terms in
(i/4)ε1γiδε2ψj , namely
i
4
ε1γi∂jε2, − i
16
ε1γi∂rhjsγ
rsε2,
i
8
ε1γiKjsγ
0γsε2.
Since ∂jε2 is order O(r
−2), the first term can
be written, to that same order, (i/4)ε0,1γi∂jε
(1)
2 =
∂j((i/4)ε0,1γiε
(1)
2 ). [To the order being considered, we
can identify the gamma matrices with coordinate and in-
ternal indices, i.e., γi can be replaced by the constant flat
space γi-matrix. We shall thus not make the distinction
in this computation.] When symmetrized over (i, j) this
term is a proper gauge transformation and we can there-
fore neglect it since we want to determine the leading
order of the diffeomorphism.
The second term yields, after substraction of the same
term coming from {{hij, Sε2}, Sε1},
i
16
(
ε1(γ
rsγi − γiγrs)ε2
)
∂rhjs
=
i
8
(ε1γ
rε2∂rhij − ε1γsε2∂ihsj).
To the relevant order O(r−2), we need to keep only the
O(1) terms ε0,1 and ε0,2 of the supersymmetry param-
eters, which are constant, and the O(r−1) term h
(1)
ij of
hij . Up to irrelevant proper gauge diffeomorphisms, this
gives
δh
(2)
ij = Ŵ
k∂kh
(1)
ij , Ŵ
k =
i
8
ε0,1γ
kε0,2 =
i
8
εT0,1γ0γ
kε0,2
which is precisely of the form of the second line of (A.3)
since ∂iŴ
k = 0. One can write Ŵk = ∂k(rŴ ) with
rŴ =
i
8
εT0,1γ0γkx
kε0,2,
leading to the expression given above.
We turn lastly to the third term, which yields
− i
8
εT1 (γiγ
s + γsγi)ε2Kjs = − i
8
εT1 ε2Kij .
When symmetrized over (i, j), we get to the relevant or-
der a term of the form of the first line of (A.3), with
ξ(0) ≡ T̂ = i
8
εT0,1ε0,2.
This completes the computation of the Poisson bracket
of two supersymmetry generators.
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